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Abstract. We compare the asymptotic grows of the number of rational points 
on modular varieties of D-elliptic sheaves over finite fields to the grows of 
their Betti numbers as the degree of the level tends to infinity. This is a 
generalization to higher dimensions of a well-known result for modular curves. 
As a consequence of the main result, we also produce a new asymptotically 
optimal sequence of curves. 



1. Introduction 

1.1. Motivation. Let q be a power of a prime p and let F q denote the finite 
field with q elements. Let X be a smooth, projective, geometrically irreducible, 
d-dimensional variety over ¥ q . Fix an algebraic closure ¥ q of ¥ q . Also, fix a 
prime number I ^ p and an algebraic closure Q e of the field of £-adic num- 
bers. Grothendieck's theory of etale cohomology produces the -^-adic cohomology 
groups 

H\X) :=H\X® ¥q ¥ q Me), * > 0. 
These groups are finite dimensional (Q^-vector spaces endowed with an action of the 
Galois group Gal(F 9 /F g ). The l-adic Betti numbers of X are the dimensions 

h\X) :=dim^ HHX). 

It is known that h'(X) = for i > 2d, h°(X) = 1, and h 2d - l (X) = h l (X). 

Let Frob 9 be the inverse of the standard topological generator x i— ► x q of 
Gal(F q /F q ), i.e., the so-called geometric Frobenius element. Assume H % {X) ^ 
0. Denote the eigenvalues of Frob g acting on H l (X) by aj,!, a,,2, ■ • • , on >s (here 
s = h l (X)). Deligne proved that {oti,j} are algebraic numbers. Moreover, for any 
isomorphism l : (Q^ — > C the absolute value |t(aij )| is independent of i and is equal 
to q 1 / 2 (Riemann hypothesis for X); see [5]- 

For an integer n > 1 denote by F g ™ the degree n extension of ¥ q , and let X(¥ q n) 
be the set of ¥ q ™ -rational points on X. By the Grothendieck-Lefschetz trace formula 

2d 2d h*{X) 

#X(¥ qn ) = ^(-l) 4 Tr(Frob; 1 | H\X)) = ^(-l) 1 ^ < r 

i=0 i=0 j=l 

If one combines this with Deligne's result, then there results the Weil-Deligne bound 

2d 

(1.1) #X(¥ qn ) Kj^q^tiiX) =: WD n (X). 

i=0 
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It is natural to ask how "optimal" is the bound (jl.lj) . More precisely, suppose we 
fix some natural numbers 61, 62, • • • , bd- How close can #X(¥ q n) get to WD„(A) 
for a variety X with h l (X) = bt, 1 < i < d? Although this question has received a 
considerable amount of attention, it still remains largely open, cf. [22], [30] . 

Let h(X) := J2Zo hl ( X )- In this 

paper we will be mostly concerned with the 
asymptotic optimality of (jl.ip : How close can the ratio #X(W q n)/h(X) get to 
WD n (X)/h(X) as h(X) — > 00, assuming d, q and n are fixed? Tsfasman raised 
questions of this nature in [30]. Besides its intrinsic mathematical interest, the mo- 
tivation for this problem partly comes from coding theory via Goppa's |llj algebro- 
geometric construction of error-correcting codes over ¥ q n . 

For curves (i.e., when d = 1) we clearly have WD n (X)/h(X) — > q n / 2 as h(X) —* 
00. On the other hand, surprisingly enough, it turns out that 



This is a well-known result of Drinfeld and Vladut [32] . In particular, curves of 
genus sufficiently larger than q n never have as many rational points as the Weil- 
Deligne bound allows. 

A sequence of curves {Xi} over ¥ q n is called asymptotically optimal if h{Xi) — > 00 
and #Xj(F q n)/h(Xi) — > (q n / 2 — l)/2. It is not known whether asymptotically 
optimal sequences exist when q n is not a square (even for a singe q n ), in other 
words, it is an open problem whether in general (|1.2[) is the best possible upper- 
bound on limsup(#A(F 9 n)//i(A)). On the other hand, when q n is a square, then 
asymptotically optimal sequences always exist. Here Shimura curves (and their 
function field analogues - Drinfeld modular curves) play a key role: modular curves 
with appropriate level structures over quadratic extensions of finite fields attain the 
bound (|1.2[) as the size of the level tends to infinity. This is due to Drinfeld, Ihara, 
Manin, Tsfasman, Vladut and Zink; see [14] , [19], [31], [32]. In fact, every known 
asymptotically optimal sequence of curves over ¥ q 2 has the property that every Xi 
is a classical, Shimura or Drinfeld modular curve for i sufficiently large, cf. [8], [9]. 

For the higher dimensional varieties there are only a few partial results. Lachaud 
and Tsfasman, using explicit formulae, proved a certain analogue of the Drinfeld- 
Vladut bound f| 1 . 2[) : see [15], [30]. As far as I am aware, there were no known 
examples of sequences of c?-dimensional varieties {Xi} such that h(Xi) — > 00 and for 
which #Xi(W q )/h(Xi) converges to a number close to the asymptotic Weil-Deligne 
bound (assuming q is fixed), besides the following obvious construction. Take each 
Xi to be an appropriate product of lower dimensional varieties. The number of 
rational points and the Betti numbers are easy to compute inductively. Indeed, if 



X = Y x Z then #X(¥ q ) = (#Y(F q )) • (#Z(F,)) and h(X) = h(Y) ■ h{Z). (The 



first identity is clear and the second follows from Kunneth formula.) Using this 
technique, one can produce all sorts of interesting limits (but they all are smaller 
than the asymptotic Weil-Deligne bounds) cf. [30] §5]. 

The main result of this paper is a generalization of Tsfasman- Vladut-Zink result 
for Shimura curves to the case of certain higher dimensional modular varieties. The 
question of extending the results in [31] to other modular varieties already appears 
in that paper (Question C on p. 22). 



(1.2) 
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Remark 1.1. One might ask whether the Weil-Deligne bound is ever asymptotically 
optimal. More precisely, suppose d and q are fixed. Does there exist a sequence {Xi} 
of d-dimensional varieties over ¥ q such that h(Xi) — > oo and #X;(F 9 )/WDi(Xj) — » 
1? I expect that the answer is always negative. When d = 1 this of course follows 
from (TOl). 



1.2. Main result. Let C := Fp be the projective line over ¥ q . Denote by F — 
¥ q (T) the field of rational functions on C. Fix some d > 2 and let D be a cP- 
dimcnsional central division algebra over F, which is split at oo = 1 /T, i.e., D^pF^ 
is isomorphic to the algebra M^i 7 ^) of d x d matrices with entries in Foo. Fix a 
locally-free sheaf V of 0c-algebras on C whose generic fibre is D and such that 
for every place x G \C\, V x := V ®o c ®x is a maximal order of D x — D ® p F x , 
where and i 7 ^ are the completions of Oc,x and F at x, respectively. Denote by 
R C \C\ the set of places where D ramifies; hence for all x ^ R the couple {D x , T> x ) 
is isomorphic to (Wld(F x ) ,Wld{O x )) . In this paper we make a blanket assumption 
that D x is a division algebra for every x G R. Let o be a fixed closed point on 
C — R — {00}. Denote the residue field at o by F , its degree m extension by 
and q Q := gI F ° :F ^ = #F . 

Call a prime ideal p of the polynomial ring A :— F 9 [T] admissible li x ^ x d is 
an automorphism of (A/p) x /F^. There are infinitely many admissible primes; see 
[2T1 Lem. 4.6]. A closed subscheme I of C is called admissible if 7n(i?UooUo) = 
and I = Spec(j4/p) for an admissible prime p < A. 

Assume / = Spec(A/p) is admissible and let Mf be the modular variety of 
isomorphism classes of 2?-elliptic sheaves over F D with pole at 00 equipped with 
level-/ structures; see 331 for definitions. There is a natural action of (A/p) x on 
Mf via its (diagonal) action on level structures. We denote the quotient variety 
by Mf a . The main result of this paper is the following: 

Theorem 1.2. Mf is a smooth, projective, geometrically irreducible, (d — 1)- 
dimensional variety defined over F D . Moreover 

(L3) dcj^oo K Mfj = ^n^-D- 

A similar result for Drinfeld modular varieties is proven in |21j . 

It will be clear from the proof of Theorem l 1 . 21 that h(Mf ) — > 00 as deg(7) — » 00. 
If we specialize the theorem to d = 2 and deg(o) = 1, then we get a sequence of 
curves over F 9 2 , indexed by the primes in A of odd degree, which is asymptotically 
optimal. This last fact is new and is of independent interest due to a rather limited 
number of examples of asymptotically optimal sequences of curves. 

From one of the main results in [18j (see Theorem 16. ip or, alternatively, from 
the discussion in £16.21 it follows that 

WD d (M^ Q ) 
dcg(7Poo h(Mf Q ) 

One can compare the limits (|1.3p and (|1.4p from two opposite viewpoints. On 
the one hand, since ^ Ilti (?o ~ 1) < 9°^ X ^ 2 , modular varieties Mf never have 
as many Fo^-rational points as the Weil-Deligne bound allows when deg(/) is large. 
On the other hand, the degree of ^ rii=i (<?o — 1) as a polynomial in q Q is the same as 



(i-4) . hp Z^T - go (d - 1)/2 - 
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the degree of q^ d X ^ 2 , so #Mf (Fo ) asymptotically comes close to WD ( j(M^' ), 
especially when q is large compared to d, and one can say that the varieties Mf a 
have many Fo -rational points compared to their Betti numbers. 



1.3. Shimura varieties. Modular varieties of 2?-elliptic sheaves are the function 
field analogues of Shimura varieties over number fields. The anonymous referee 
pointed out that in a recent paper [24) Frangois Sauvageot considered a problem 
about asymptotic properties of Shimura varieties which is similar to the problem 
we address in this paper. In this subsection we would like to compare Sauvageot's 
result to ours. 

Let G be an algebraic connected reductive group over a global field of charac- 
teristic 0. Sauvageot introduces a notion of strongly vanishing family K, of com- 
pact subgroups of G over the finite adeles. Attached to G and K £ K, there is a 
Shimura variety Xk- Generalizing an approach of Serre [28] by means of Arthur's 
trace formula, Sauvageot gives a simple expression for lim Vo\(K)x(Xk) in terms 

of an invariant of G and JC; here x(Xk) is the Euler-Poincare characteristic of 
the L 2 -cohomology of Xk and Vol(K) is the volume of K with respect to an ap- 
propriately normalized Haar measure. On the other hand, for a prime of good 
reduction o of Xk, assuming a conjecture of Milne, a formula of Kottwitz expresses 

lim Vo\(K)(SXk ofFo™" 1 )), m > 1, in terms of an invariant of G and a sum of 
Keic 

twisted orbital integrals. This again uses trace formula techniques. Overall, one ob- 
tains a (conjectural) formula for lim #Xk,oO?o ) /x(Xk) which involves a sum of 

twisted orbital integrals. Then Sauvageot gives some criteria for detecting strongly 
vanishing families K, (e.g., for GL 2 over Q the classical congruence subgroups form 
such families as the level tends to infinity). Some relevant questions are not dis- 
cussed in [21]: First, whether it is possible to compute lim #X^- j0 (Fo"^)/x(Xr-) 

explicitly in some situations other than the case of curves, i.e., to give a simple 
expression for the sum of twisted orbital integrals which comes from Kottwitz 's 
formula. Second, what is the relationship of x(Xk) to the invariants of Xk,o, such 
as the ^-adic Eulcr-Poincare characteristic of Xk,o, especially when Xk is not com- 
pact. Third, for which K the resulting varieties Xk,o are smooth and geometrically 
irreducible. 

Now from the point of view of general Shimura varieties the situation which we 
consider in this paper is rather special since the only G which is allowed is the 
multiplicative group of a division algebra. Our notion of admissible level seems to 
be analogous to Sauvageot's notion of vanishing family. The main advantage of our 
result is that the asymptotic formula which we obtain is very explicit. Our strategy 
of the proof is also different. In computing the asymptotic number of rational points 
over finite fields we crucially rely on the modular interpretation of the points on 
Mf a . In computing the asymptotic Betti numbers we use special properties of the 
cohomology of varieties having non-archimedean uniformization, along with some 
classical results about discrete subgroups of p-adic groups. Note that estimating 
the sum of Betti numbers h(Mf ) or their alternating sum x(Mf ) are equivalent 
problems for Mf since the middle cohomology group grows much faster than all 
the others (although in general h is certainly a better measure of the combined size 
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of the Betti numbers than x)- It is reasonable to expect that the methods of this 
paper can be adapted to some PEL Shimura varieties. 

1.4. Outline of the proof. The proof of Theorem 11.21 consists of three parts, 
which are more-or-less independent of each other. 

In Section we recall the definition of moduli schemes of 2?-clliptic sheaves and 
discuss the Stein factorization of these schemes. We prove that Mf a is smooth and 
geometrically irreducible when / is admissible. 

In Section [5] we discuss 2?-elliptic sheaves over F Q and the rationality of the cor- 
responding points on the moduli varieties. The main tool used in this section is the 
description of the set of isomorphism classes of P-clliptic sheaves in a given isogeny 
class p~8j §§9-10]. We consider a special class of £>-elliptic sheaves, called super- 
singular P-elliptic sheaves, and show that the corresponding points on Mf are all 

F^-rational. Moreover, we prove that when deg(I) is large enough, compared to d 
and deg(o), the supersingular points are the only F^-rational points on Mf a (when 
d = 2 this can be replaced by the Drinfeld-Vladut bound) . We should mention that 
Lachaud-Tsfasman bound is essentially equivalent to the Weil-Delignc bound when 
applied to Mf a , hence is much larger than the limit (|1.3|) . The number of supersin- 
gular points can be computed as a volume. Overall, we get an asymptotic formula 
for #M£ (F£ d) ). 

In Section[5]we estimate how h(Mf ) grows as deg(J) tends to infinity. This relies 
on several deep results. First, using proper base change, we transfer the problem 
from o-fibre to oo-fibre. Then a result of Schneider and Stuhler about cohomology 
of varieties having rigid-analytic uniformization (in combination with Berkovich's 
theory) reduces the problem to a calculation of the dimension of a certain space 
of cusp forms on D x . Next, a theorem of Casselman and Garland reduces the 
calculation of this dimension to a calculation of the Euler-Poincare characteristic 
of a certain discrete cocompact subgroup of PGL t j(F 00 ). Finally, Serre's theory of 
Euler-Poincare measures allows us to compute the Euler-Poincare characteristic as 
a volume. 



2. Notation 

Aside from the notation in Introduction, we will use the following: 

2.1. The residue field of O x is denoted by F^, the cardinality of F^ is denoted by 
q x . We assume that the valuation v x : F x — > Z is normalized by v x (w x ) — 1, where 
w x is a uniformizer of O x ; the norm | ■ \ x on F x is q x ^ . We denote the adele ring 
of F by A := nle|c F x - F° r a set of places S of F we denote by A s := Yl x ^ s F x 
the adele ring outside S, and V s := Y[ x ^s ^x- 

2.2. Let / 7^ be a closed subscheme of C, and let X be the ideal sheaf of /. 
Denote 0/ = O c /1, deg(J) = dim F<! (£>/), and Vj = T> ® 0c ®i- For I is disjoint 
from S, let 

Klj :=ker((2? s ) x ^P*). 
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2.3. Let (f(s) — n^eici Cr( s ) be the zeta function of C; here ( x {s) = (1 — q x s ) 1 . 
It is well-known (and is easy to prove) that 

CF(S) = (l- q -s)\l- q l-s)> 

Let Cp(s) = n x 0s (x( s ) be the partial zeta function with respect to S. 

2.4. For a scheme W over F 9 denote by Frobw/ its Frobenius endomorphism, which 
is the identity on the points and the q-th. power map on the functions. Denote by 
C xW the fibred product C x Spcc ( Fij ) W. For a sheaf T on C and a sheaf Q on W, 
the sheaf pr^ (T) ® pr^(£) is denoted by J" Kl 0. 

2.5. Let G be the algebraic group over F defined by G(B) = (D ®p B) x for any 
.F-algebra B; this is the multiplicative group of D. 

3. Moduli schemes of P-elliptic sheaves 

Let S be a F g -scheme. A V- elliptic sheaf over S consists of a commutative 
diagram 




where each £; is a locally free OcxS-module of rank cP equipped with a right action 
of T> compatible with the (Dc-action, 

T £i = (id c x Frob s )*£ l7 

and all j's and i's are C^xs-linear injections compatible with the action of T>. All 
that is given is subject to the following conditions: 

(i) Periodicity: 

Si+d = Si ®Oc*s {Oc{oc)®O s ). 
Here Ei is considered as a submodule of £i+d under the (Mold composition 
of j, and 0c (oo) is an C^-module via the natural injection Oc Oc (oo). 

(ii) Pole: Zij ii-\{£i-\) is isomorphic to the direct image {'K o)*Qi of a locally 
free rank-d Cg-module Qi by the oo section: 

Too : S —* C x S 1 , sh (oo, s). 

(iii) Zero: £i/ii_i( r £i_i) is isomorphic to the direct image (n z )*Hi of a locally 
free rank-d Og-module Hi by the section 

7r z : S — > C x 5, 5 i ► (z(s),s), 

where z : 5 — > C is a morphism of F g -schemes such that z(S) cC-JJ- 
{oo}. 

Let I be a closed subscheme of C — R — {oo}. Let (£i,ji,ti) be a D-elliptic 
sheaf over S such that z(S') is disjoint from I. The restriction £j := £j|j x s is 
independent of i, and i induces an isomorphism T £j = £j. A level-I structure on 
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(£i,ji,ti) is an 0/ x s-lmear isomorphism l : T>i 123 Os — Si, compatible with the 
action of T>i, which makes the following diagram commutative: 

T Ei ^ £i 



For a scheme 



S^C :=C-I-R-{oo}, 



denote by Ellas') the set of isomorphism classes of P-elliptic sheaves over S with 
level-/ structures. There are natural commuting actions of Z and Vf on Ellj (S): 
n e Z acts by 

[TlJ (&i , ji , t{ , t) — (£i-\-n j ji+n j ^i+n j 

and g £ £>* acts by 

(£i,ji,ti;i)g = (£i,ji,ti;iog), 

where <? acts on 2?/ 123 Os via right multiplication on T>j. 

By (4.1), (5.1) and (6.2) in [Tg], the functor S i-> Ellf(S)/Z is representable by 
a smooth, projective scheme Mf over C" of pure relative dimension (d — 1). The 
action of 1?^ on Ell] 3 induces an action of this finite group on Mf. We denote by 
Mf the quotient of Mf under the action of the center Z{V* ) ^ Of of . 

Note that if we put d = 1 and apply the previous definitions with V = Oc, then 
we arrive at the notion of 0c-elliptic sheaves with level-/ structures. This case was 
considered much earlier by Drinfeld [7] , who proved that Mf c is isomorphic to the 
moduli scheme of rank-1 Drinfeld ^4-modules with level-/ structures. This latter 
moduli scheme is closely related to Class Field Theory of F; see [6j Thm. 1]. 

As follows from [16j PP- 26-29], there is a natural morphism of schemes over C 

p : Mf - Mf° 

which is compatible with the action of T>f in the sense that p o g = det(<7) o p for 
any 5 eP 7 x S* GL d (0j). 

Proposition 3.1. The fibres of p are geometrically irreducible. 

Proof. By Stein factorization theorem, it is enough to show that the fibres of 

p n : Mf >fj := Mf x c - Spec(F) - Aif° := A/f c x c > Spec(F) 

are connected, where F denotes a fixed algebraic closure of F. Since p^ is 2?*- 
equi variant and det : Vf — > 0^ is surjective, p^ is surjective. Hence it is enough 
to show that the number of connected components of Mf^ and Mf ° are the same. 

By Class Field Theory, Mf ? is a disjoint union of # [F x \ (A°°) x /^o c ./] copies 
of Spec(F) and Of acts transitively on these points. On the other hand, the number 
of connected components of Mf= is equal to the 0-th Betti number h°j (in the 
notation of Section [6j, so the desired claim follows from Corollary 16. 21 □ 

Corollary 3.2. If I = Spec(A/p) is admissible then Mf a is a smooth, projective, 
geometrically irreducible, (d — 1)- dimensional variety defined over ¥ a , which is a 
form of one of the components of Mf a . 
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Proof. The group Fp /F* acts freely and transitively on the geometrically irre- 
ducible components of Mf ° . On the other hand, it is easy to see that the action of 
Z(V* ) = F p x on Mf Q factors through F p x /F* . By Proposition O p o z = z d o Po 
for z e F x . Since p is admissible, (Fp ) d surjects onto Fp /F* . We conclude that 
Fp /F x acts freely and transitively also on the geometrically irreducible components 
of Mf Q . This implies the claim. □ 



4. Volume calculation 

This section is of auxiliary nature. Here we compute a certain volume which is 
used in Sections [5] and [6l This result should be well-known, but in absence of a 
convenient explicit reference we sketch some of the details. 

For x <E \C\, normalize the Haar measure dg x on G(F X ) by Vol(£>* , dg x ) = 1. Fix 
the Haar measure dg on G(A) to be the restricted product measure. This measure 
will be called the canonical product measure. 

Consider the homomorphism 

(4.1) ||.|| :G ( A )-.g Z 

given by the composition of the reduced norm Nr : G(A) — > A x with the idelic 
norm n^elC! I ' U ■ — * I 1 ''■ Denote the kernel of this homomorphism by G 1 (A). 
The group G(F), under the diagonal embedding into G(A), lies in G 1 (A), thanks 
to the product formula. The quotient G(F) \ G 1 (A) is compact, hence has finite 
volume. The main result of this section is the following: 

Proposition 4.1. 

Vol (G(F) \ G 1 (A), dg) = j-—^ J] C#(-i). 

Proof. Let $ be the characteristic function of T> in D(A). Consider the following 
integral 

( D (s)= [ $(. g )||. 9 II s dg. 

Jg(a) 

It absolutely converges for Re(s) > 1, can be meromorphically continued to the 
whole plane with a simple pole at 0, cf. [33l §3.1]. Moreover, from the calculations 
in loc.cit., one can deduce that 

(4.2) Res Cd(s) = -Vol (G(F) \ G 1 (A) , dg) J-. 
s=o v ' log 9 

Next, we have the decompositions $ — J\ x $ x and Cd(s) = Y[ x Cd x (s), where $ x is 
the characteristic function of T> x in D x and 



J G(F X ) 
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If D is split at x then, considering the decomposition of M.d(O x ) into left V* 
GLd(Oa;)-cosets, we get 



CdM = / \m(g x )\ s x dg x 

JU d (O x )-{0] 

= Vbl(X>*) ^ g(-sni+(-s+l)«2H h(-s+d-l)n d ) 

(w)ez| 

= Cx(s)-a(s-l)-"-Cx(s-(d-l)). 

On the other hand, if D is ramified at x then Z? x is a division algebra by assumption, 
hence T> x has a unique maximal ideal ^<\T> X and Nr(^P) = zu x \ see [531 Thm. 24.13]. 
Thus, 



= / |Nr( 5x )|^=Vol(P*) £ q-- 

^--W „ e z> 

Combining these local calculations, 
From (|4.2|) and (|4.3|) we deduce 

d-l 



Cx(s). 



Vol (G(F) \ G 1 (A), = j-^- JJ 



as was required. □ 

5. SUPERSINGULAR £>-ELLIPTIC SHEAVES 

In this section we discuss 2?-elliptic sheaves over k := F D and the rationality of 
the corresponding points on the moduli schemes. 

5.1. Isogeny classes. One of the key preliminary results in [T8] is the description 
of the points on the closed fibres of Mf — > C This is done in two steps, similar 
to the description of the set of abelian varieties over finite fields: one starts by 
describing the isogeny classes of D-elliptic sheaves over k (as in Honda- Tate theory) 
and then parametrizes 27-elliptic sheaves in each isogeny class. We start by recalling 
this description. 

Definition 5.1. ([TH1 (9.11)]) A (D, oc, 6) -type is a pair (F, II), where F is a finite 
separable field extension of F and II £ F x ®zQj satisfying the following conditions: 

• For a proper subfield F'^F,U^ (F') x ® z Q. 

• [F:F] divides d. 

• Fqo ®p F is a field and, if oo is the unique place of F which divides oo, we 
have 

deg(55)- WS5 (n) = -[F:F]/d. 

• There exists a unique place o ^ oo of F such that Vo(H) ^ 0; moreover o 
divides o. 

• For each place x of F and each x of F dividing x, we have 

(d[F~ : F X ]/[F : F}) ■ mv x (D) £ Z. 
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In [TH (9.2)] the authors introduce the notion of isogenies between 2?-elliptic 
sheaves over k. We will not recall this definition; for our purposes it is enough to 
know [THl (9.13)] that there is a canonical bijection between the set of isogeny classes 
of D-elliptic sheaves over k and the set of isomorphism classes of (D, oo, o)-types. 

Assume J C C — R — {o, oo} and denote by Mf Q := Mf x c > Spec(F D ) the fibre 

of Mf over o. Fix a (D, oo, o)-type (F, II) and denote by 

M ?A k ) ( FM) C Mf >a (k) 

the set of isomorphism classes of X>-elliptic sheaves over k which are in the isogeny 
class corresponding to (F, II). 

Let A be the central division algebra over F with invariants 

{[F^F]/d, if £ = 55; 

-[F:F]/d, if x = o\ 

}-'mv x (D), otherwise. 

Let 

h=[%:F ]d/[F :F]. 

A x naturally acts on the Dieudonne modules of a 2?-elliptic sheaf in the isogeny 
class of {F,Ii) 1 and these actions induce group homomorphisms 

A* ^ GU-h{F ) 
A x - K h i*> F* Z, 

where N 0l h is the central division algebra over F a with invariant —1/h; see |18[ p. 
270]. The main result of QH §10] is the following: 

Theorem 5.2. There is a bijection 

compatible with the action of T>y , where 

Y^° := G{K°°'°)/K%$, Y° := GL d _ h (F )/GL d _ h (0 ), Y s := Z. 

The action of Frob G on Mf (k),p corresponds to translation by 1 on Y„ = Z. 

5.2. Rational points. We say that a X>-elliptic sheaf over k is supersingular if in 
its (D, oo, o)-type F = F. It is not hard to show that all supersingular P-elliptic 
sheaves are isogenous [3J Prop. 10.2.1], i.e., there is a unique (D, oo, o)-type (F, II). 

We have an action of T>f = GL d (Oi) on Mf a via its action on level structures 
in the moduli problem. Denote the quotient of Mf a under the action of the center 
Z(V*) = O* of V* by 

Mf >0 ~MfjZ{V*). 

Denote the preimage of Z{Vf) in (V QO '°) x under (V°°>°) x -» Vf by Kgf, and 
denote by Mf (k)^ F ^ the image of Mf a {k),p jjn under the quotient map Mf a — * 
M? >0 . 
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Proposition 5.3. There is a bijection 

where Yj ' := G(A°°'°)/ K^f . The action o/Frob Q on Mf {k),p g% corresponds 
to translation by 1 on Y„ =7L. 

Proof. This is a consequence of Theorem 15.21 □ 

From this proposition it is not hard to deduce the following criterion for the 
existence of -rational points on Mf , cf. [18, p. 278]: 

P = A*\g~>°K5£,glGL d - h (0 ),m~\ G M^ (fe) ( ^ 5) . 

is rational over if and only if there exists 6 G A x such that 

(5-1) { {g^)~ l Sg° G GLd_h(0 ) 

{ « 5 (Nr(<S)) = »deg(o)/deg(5) 

where Nr is the reduced norm on A. 

Let B be a finite dimensional if-algebra, where K is a field. The left multi- 
plication by a G B gives a A-linear transformation of B (as a finite dimensional 
vector space over A"). Define the characteristic polynomial ch.p. B / K a G K[X] of 
a to be the characteristic polynomial of this transformation, and detg/x (a) be its 
determinant. 

Proposition 5.4. Suppose n is fixed and I has in its support a prime p < A whose 
degree is large enough compared to n. Then 

In other terms, the images of supersingular points on Mf D are the only possible 
Fo -rational points. 

Proof. Suppose P G M^ (F^ n) ) ( ^ 5) . We need to show F — F. Let 5 G A x be an 
element corresponding to P. Let F' = F[S] be the field generated by S over F and 
fs G F[X] be the minimal polynomial of 6. The conditions in (|5.i[) imply that S is 
integral over A, so fs is a monic irreducible polynomial in 

First, assume F' /F is separable. Let disc(<5) G A be the discriminant of fs- We 
can consider A as a finite dimensional algebra over F, Since fs divides ch.p. A / f (5, 
the constant term cq{8) of fs divides &et&/ F (8). By 23, (9.12)], 

det A/F (<5) = Nr f/ir (det A/i? (<5)). 
On the other hand, since A is a central division algebra over F of dimension 
([Kf]) ' 

det A/F (8)=m(S) d ^, 

Since Nr(<5) has zero valuation at every finite place of F except at o where the 
valuation is bounded in terms of n, d and deg(o), we conclude that deg(co(5)) is 
bounded in terms of n, d and deg(o). The degree of fs is bounded by d, so from 
the definition of discriminant, deg(disc((5)) < d(d— 1) deg(co(<5)). We conclude that 
deg(disc((5)) is bounded in terms of n, d and deg(o). 
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On the other hand, the fact that 5 can be conjugated to lie in K^'f implies 
that fg modulo p is a power of a linear polynomial. Therefore, p must divide 
disc(<5), unless f$ is a linear polynomial. Since the degree of the discriminant of 
5 is bounded, if deg(p) is large enough compared to n, then f$ has to be a linear 
polynomial, so S G F and F' = F. Finally, by [TTJ Lem. 3.3.6], F C F' . Thus, 
F = F as we wanted to show. 

Now assume F' / F is inseparable. There is a minimal m > 1 such that <5' = <5 P 
is separable over F. Since F' C A, the power p m is bounded in terms of d. It is 
clear that if 5 satisfies the conditions in (|5.ip . then 6' satisfies similar conditions 
with n replaced by n' :— n ■ p m . It is also clear that if P G Mf (¥o)^p then 

P G Mf (¥o )/pfh and 6' is its corresponding element of A x . This reduced the 
situation to the initial case and finishes the proof. □ 

Proposition 5.5. The images of supersingular points are rational over ¥ ■ 

M£ (F(<V, n) = M£,(fc)(F,n> 

Proof. Since F — F, h — d and there is a unique o dividing o, namely o itself. 
Hence a point P on M/ j0 (fc)(_p jrl ) is given by A x [g^^K^ 'i > m °L an< ^ ^ i s rational 
over Fo if there is S G A x such that 

f (ff 00 ' )- 1 ^-' G A^}° 
\ w„(Nr(5)) = A 

Let / G F x be an element whose divisor on G is (/) = [o — deg(o)oo]. Take 
S = f G F x A x , as an element of the center of A x . Then Nr(/) = / d , so 
"o(Nr(/)) = d. We clearly have / G so (g 00 ' )- 1 /^ 00 ' = / G A^/, and the 

first condition is also satisfied. (Note that / usually will not be in K^'° .) □ 

Theorem 5.6. Let S = RU {oo, o}. Let I = Spec(^4/p) ^ o be admissible. For all 
but finitely many I, 

d-i 

#Mf i0 (F d) ) = #PGL d (F p ) • [J ClH). 

i=l 

Proof. Let D be the d 2 -dimensional central division algebra over F whose invariants 
are inv (D) = —1/d, invoo(D) = 1/d, and mv x (D) = inv x (D) if x ^ o, oo. In 
particular, is a division algebra for every x G 5; cf. [231 §32]. Let X? be 
a locally free sheaf of Oc-algebras with generic fibre D, and such that T> x is a 
maximal order in D x for any x G |C|. Let G be the group of units in D. Let 
:= ker(P x -^Vf), and let K°°f and be defined similarly to g2H 

By Theorem [521 

(5.2) #M/» (F , n) = #(G(F) \ G(K°° ,0 )/K°°^ x Z). 

(Note that G(A°°' ) = G(A°°' ) and A^y° = K°°'°). Since L» is a division algebra, 
D„oNr: G(F )/t>* Z; see §12]. But G(F) acts on Z in JO} via u o Nr, so 

G(F) \ G(A°°'°)/A|°< x2~ G(F) \ G(A°°)/A'^ / . 

Since .Doo ia a division algebra and oo is rational, for each a G G(A°°), up to an 
element of there is a unique 6 G G{F 00 ) such that (a, b) G G^A), cf. [231 §13]. 
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Hence 

G(F) \ G(A aa )/K^ I - G(F) \ G l {A)/K^. 

If I ^ then Kf, j fl G{F) = 1, since only the constants are everywhere integral 
but the only constant which reduces to the identity modulo J is 1. Also note that 
f>" jKj)j = GLd(0/), so with respect to the canonical product measure on G(A) 
we have 

#(G(F) \ G 1 (h)/Kf >1 ) = #GL d (O z ) • Vol (G(F) \ G 1 (A),dg) . 
Finally, using Proposition 14. 1[ 

#Mg,(*)(r,n) = if ClH)- 

Since Fp /F* acts freely and transitively on the components of Mf and preserves 
^o( fc )(^n), 

#M?,o(k) (F , u) = #PGL d (F p ) • TJ ClH). 

4=1 

Now the theorem follows from Propositions 15.41 and 15.51 □ 

6. Asymptotic Betti numbers 

Fix a prime i not equal to the characteristic p of F and consider the £-adic 
cohomology groups 

H\ >0 :=H\Ml ® Vo kMt), *>0- 
Each H j is a finite dimensional Q^-vector space, which is for i > 2(d — 1). 
Denote h\ = dim^ H\ and hj, a = Y^h=q 2 o- I n this section we estimate how 
hi y0 grows as deg(I) tends to infinity. 

Let 77 = Spec(-F) be the generic point of C. We also have the £-adic cohomology 
groups of the generic fibre Mf„ of Mf : 

H}^:=H l (M? n ® F F,Q e ), * > 0. 

By the proper base change theorem, for all z > there is a canonical iso- 
morphism of Q^- vector spaces H} = H\ . Hence we concentrate on estimating 

hi = Ei=0 2 h I, V > where h J,ri = dim Q, H I,V 

For two Q-valued functions /(/) and g(I) depending on I, we write /(/) ~ g(I) 
if f(I)/g(I) - 1 as deg(J) -> 00. 

6.1. Cohomology and automorphic representations. Let A be the space of 
locally constant Q^-valued functions on the double coset space G(F) \ G(A)/w^ . 
This space is equipped with the right regular representation of G(A). Since D is 
a division algebra, the coset space G(F) \ G(A)/w^ a is compact, so A decomposes 
as a direct sum of irreducible admissible representations n of G(A) with finite 
multiplicities m(n) > 0, cf. [18, p. 291]: 

(6.1) ^ = 0m(n)-n. 

n 

We will refer to the representations appearing in this sum with non-zero multiplici- 
ties as the automorphic representations of G(A). Each automorphic representation 
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II decomposes as a restricted tensor product <S) x e|c| ^ x °^ irreducible admissible 
representations of G(F X ). Denote n°° := (gl^ M IL X , so n = IP <g> 

Among the automorphic representations of G(A) we have the characters \ o Nr, 
where Nr : G(A) — ► A x is the reduced norm and x is a Hecke character on A x 
with Xoo — 1- These representations are clearly 1-dimensional and it is known that 
they appear with multiplicity 1 in the decomposition (|6.ip . Any other automorphic 
representation is infinite dimensional. 

The Steinberg representation Stoo of G(Foo) = GL t j(F 00 ) is the unique irreducible 
quotient of the induced representation 



Ind GM^) 







where B C GL^ is the standard Borel subgroup of the upper triangular matrices. 

Let Tj be the Hecke algebra of Q- valued locally constant functions with compact 
supports on G(A°°) invariant under the left and right translation by K^j. (The 
product on Tj is given by the convolution with respect to the Haar measure on 
G(A°°) which gives the volume 1 to the open compact subgroup K^j C G(A°°).) 
There is a natural action of Tj on each H\ which commutes with the action of 
Gal(F/F), cf. [18, §12]. Denote by (H} ) SB the associated semi-simplification of 
H} as a Gal(F/F) x T/-module. One of the main results in [18] relates (H} ) ss 
to automorphic representations. Taking the X^-invariants in (14.9), (14.10) and 
(14.12) of loc.cit., one obtains: 

Theorem 6.1. 

(^) ss = ®vs®(n°°)^, 

n 

where the sum is over automorphic representations o/G(A) such that either IIoo = 1 
is the trivial character or fl,^ = Stoo, and Vq is a finite dimensional Q e represen- 
tation of Gal(F I F) . 

If IIoo = 1 then II = x o Nr for a Hecke character \ on A x . In this case, is 
the Galois character corresponding to x by Class Field Theory, V^ 1 is isomorphic 
to the Tate twist Vg(-i) and V^ +1 =0,0<i<d-l. 

//IIoo = St^ then V£ = for i^d—1 and dim^ V^ 1 = m(IL) ■ d. 

Corollary 6.2. h ^ = # [F x \ (A°°) X /^ C)/ ] . 

Proof. By the strong approximation theorem |22j . the reduced norm induces an 
isomorphism 

G(F) \ G(A°°)/K% tI Si F x \ (A°°) x /Kg cJ . 
Combined with Theorem 16. 11 this easily implies the claim. □ 



Let 



W St (G,I) :=^dim^(n-)^ 



where the sum is over the automorphic representations of G(A) with IIoo = Stoo- 
Define W\ (G, I) similarly. Since W\ (G, /) is the number of Hecke characters of 
(A°°) x of conductor dividing /, it is more or less clear (and will be confirmed by 
our later calculations) that W\ (G, I) + W S t(G,I) ~ W St (G,I). 
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It is conjectured that the multiplicities m(II) of automorphic representations are 
always equal to 1. If we assume this, then from the preceding discussion we get the 
following asymptotic estimates: 

(6.2) hj -h*- 1 ~d-W st (G,I). 

As is explained in [TH], cf. pp. 219 and 310 in loc. cit., that m(II) = 1 would follow 
from the global Jacquet-Langlands correspondence between G(F) and GLd(F). 
This correspondence is proven in the literature for global fields of characteristic 
zero, cf. p~2|. Ch.VI]. It is very likely that the theorem is valid in exactly the same 
formulation in positive characteristic, but the complete proof is still lacking except 
for d = 2 or 3. To avoid relying on this yet unproven analogue, we will deduce (|6.2p 
from some results about the cohomology of quotients of p-adic symmetric spaces. 

6.2. Cohomology of varieties having rigid-analytic uniformization. Let fi d 

be Drinfeld's (d— l)-dimensional symmetric space over i 7 ^. It is obtained from the 
projective (d— l)-dimensional space over by removing all rational hyperplanes. 
In [6], Drinfeld showed that this space has a natural rigid-analytic structure. Let 
T be a discrete, cocompact, torsion-free subgroup of PGL t ;(_F 00 ). T naturally acts 
on Vt d and the quotient Xr := T \ fl d is a proper smooth rigid- analytic variety over 
Foo, which in fact is the analytification of a projective algebraic variety Xr over 
Foo; see [3D]. 

Let Coo be the completion of an algebraic closure of Foo . Assuming there exists 
an etale cohomology theory on the category of smooth rigid-analytic spaces satis- 
fying four natural properties |25[ pp. 55-56], Schneider and Stuhler computed the 
groups 

Their result implies the following (see Theorem 4 on page 93 of [25]): 

Theorem 6.3. Let ^t(r) be the multiplicity of the Steinberg representation Stoa in 
L 2 (P\PGL d ( J F 00 )). Fori^d-l 

dim^^(X r ) = | 

and 

In PP, Berkovich developed an etale cohomology theory for non-archimedean 
analytic spaces which satisfies the four properties required in [2S]. Moreover, he 
proved a comparison theorem between analytic and algebraic etale cohomology 
groups H\X r ) £ B\X V ® Faa F^MiY see [U §7.1]. 

Now we want to apply Theorem 16.31 to Mf v . For this we need to know that the 
modular varieties Mf^ have rigid-analytic uniformization over i 7 ^. As we already 
mentioned, the reduced norm induces a bijection 

G(F) \ G(A°°)/if^ / F x \ (A°°) x /Nr(if^ / ) = Of /¥* . 

Choose a system S of representatives for this finite coset space. For each s € S, let 

r z , s := G(F) n sKvjS~ l . 



0, if i is odd or i > 2(d — 1); 

1, if i is even; 

{d ■ /i(r) + 1, if d is odd; 
d ■ /i(r), if d is even. 
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Lemma 6.4. Under the natural embedding 

T ItS G(F)/F X G{F 00 )/F^ = PCL^), 
T/ s is a discrete, cocompact, torsion-free subgroup of PGL c j(i 7 ' 00 ). 

Proof. It is enough to prove the claim for Tj := T/ 1. The fact that Tj is a discrete, 
cocompact subgroup of PGLd(F 00 ) is well-known, cf. [T7J, Prop. 5.3.8]. We show 
that it is torsion-free. Assume 7 G Tj is torsion. Let n € Z>o be its exponent, so 
7™ = 1. Since 7 is a nonzero element of the division algebra D(F), we can consider 
the finite degree field extension K = F[j] of F. We see that K is obtained by 
an extension of constants, so n is coprime to p. On the other hand, 7 G j. 
Choose a place x which is in the support of I. Since x €" R by assumption, we 
can consider 7 as an element of the principal congruence subgroup T(x) := {M G 
GLd(O x ) I M = 1 mod tu^}. It is not hard to check that T(x) has no prime-to-p 
torsion. Therefore, n = 1. □ 

Next, since 

(6.3) G(F) \ G(A)/Kv,iF£, = U (r /)S \ PGL^J^)) , 
we have 

(6-4) Wst(G,I)=J2^i,s)- 



ses 



Theorem 6.5. 



(M^ ® F Fo,)- 1 = [J (iy s \ n a 



ses 

Proof. This follows by applying Raynaud's "generic fibre" functor to Theorem 
4.4.11 in [2], which is stated in the language of formal schemes. The proof of 
this theorem is only outlined in [2]. Nevertheless, as is shown in [29], the desired 
uniformization can be deduced from Hausberger's version of the Cherednik-Drinfcld 
theorem for Mf [13]. □ 

Since F i^, by the proper base change theorem we have an isomorphism 
H} v = H i {Mf v (^fFocMi) for all i > 0. Combining this with Theorem[Ol El), 
Theorem 16.51 and Berkovich's results, we easily obtain (|6.2[) . Note also that by 
comparing the dimensions of cohomology groups in Theorems 16.11 and 16 - 31 we can 
deduce that the multiplicities m(II) are indeed 1. 

6.3. Euler-Poincare measure. It remains to estimate Wst(G, I). We start with 
a well-known fact about discrete subgroups of p-adic groups. 

Theorem 6.6. LetT be a discrete, cocompact, torsion-free subgroup o/PGL ( ;(i 7 ' 00 ). 
Then dim Q ff°(r,Q) = 1, dim Q H 4 ' 1 ^, Q) = ^(r), and H i (T,Q) = for i ^ 
0, d— 1. In particular, 

(6.5) x(P) := ]T(-ir dim Q H\T, Q) = 1 + (-l) d - V(r). 

i>0 

Proof. This was first proven by Garland [lOj using a discrete analogue of curvature 
on Bruhat-Tits buildings, but under the assumption that q is large enough. Cassel- 
man [4] removed the restriction on q by giving a completely different proof which 
relies on representation-theoretic methods. □ 
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From (|6.5|) and (J6T4J) , we get 
(6-6) W st (G,I)^^2(-iy-\(T ItS ). 

s£S 

In [26], Serre developed a theory which allows to compute x(Tj>) as a volume. 
Serre's result is reproduced in a convenient form in Proposition 5.3.6 of [17) . Com- 
bining this with Proposition 5.3.9 in [17j . in our situation we get the following 
statement: 

Let dg be the Haar measure on GL ( i(F 00 ) normalized by Vol(GLd(0oo), dg) = 1. 
Let dz be the Haar measure on F£ normalized by Vol(C^, dz) = 1. Fix the Haar 
measure dh = dg/dz on PGL^-Foo) and the counting measure dS of Ti a . Then 

(6.7) X (r J)S ) = Vol(r J)S \PGL d (F 00 ),^V ijJCocHr 1 - 

The push-forward of the canonical product measure dg on G(A) to the double 
coset space G(F) \ G(A)/K£' I F£ ) induces via (|6.3|) the measure dh/dS on each 
T/^ \ PGL d (i ;l 00 ). Combining this with (|6~6[) and (|6T|) . we get 

1 d-1 

(6.8) W St (G,I) ~ (-l^Vol (G(F) \ G{h)/K% tI F*,dg) ■ - ]J CooH)" 1 . 

i=l 

It remains to compute this volume. It is well-known that ||-|| : G(A) — > g z in 
(|4.1[) is surjective. The image of F£ in q 1 is clearly <7 dz . Hence there is an exact 
sequence 

- G(F) \ G x (A)/0* - G(F) \ G(A)/F* -> Z/dZ - 0, 
which implies 

(6.9) Vol (G(F) \ G(A)/i^ 7 F* , dg) = d ■ #GL d (0 / ) • Vol (G(F) \ G 1 (A),dg) . 

Combining (]6.2p . (|6.8p . ([6.9|) and Proposition 14. li we obtain the following as- 
ymptotic formula 

(6.10) h S - (-ir^d . #^°a il c ™°°(-i). 



i=l 



Now assume / = Spec(A/p) ^ o is admissible. Let hj be the sum of the Bctti 
numbers of Mf - Since the morphism Mf — > Mj 7 , is etale of degree [F p : ¥ q ], 
([6"Tu]) implies 

d-i 

(6.11) ft/ ~ (-l^d • #PGL d (F p ) J[ C| U °°H). 

i=l 

On the other hand, by Theorem 15.61 we know that 

d-i 

(6.12) #M?M d) ) ~ #PGL d (F p ) • [] C!? UOOUO H). 

i=l 

Combining (|6.11[) and (|6. 12[) . we get 

1 d-1 1 d-1 

#MT t0 (FW)/h ~ ^(-i)^ 1 n Co(-o _i = ^ Uti - 

i=i s=i 
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which is the second claim of Theorem 11.21 The first claim is Corollary [321 
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